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VERTEX-FACET ASSIGNMENTS FOR POLYTOPES
THOMAS JAHN AND MARTIN WINTER
Abstract. We consider the question, which polytopes in Rd with at least
as many facets as vertices have an injective map from their vertices to non-
incident facets. We provide general conditions for the existence of such a map.
We conclude that such a map exists for all simple and simplicial polytopes, as
well as all polytopes of dimension d ≤ 6. We construct counterexample in all
dimensions d ≥ 7.
1. Background and motivation
The content of the present paper can be motivated by a metrical notion called
reducedness introduced for general convex sets in [5]. While the existence of reduced
polytopes is clear in the Euclidean plane, the only known examples of reduced
polytopes in higher-dimensional Euclidean spaces were obtained in [3]. At the
core of this existence question lies a combinatorial problem: The authors of [1,
Theorem 4] show, that in a reduced polytope, each vertex is (in some sense) opposite
to a non-incident facet, and this assignment is injective. Thus, a natural question in
this setting is, whether there exist combinatorial types of polytopes in Rd for which
their vertices cannot be mapped injectively to non-incident facets. Such polytopes
cannot have any reduced realization. In the following, we prove that the answer is
negative for 1 ≤ d ≤ 6, and affirmative for d ≥ 7. Moreover, we provide general
conditions for the existence of such a map.
2. Definitions and notation
In this paper we deal with convex polytopes, i.e., the convex hull of finitely many
points v1, ..., vn ∈ Rd. The dimension dim(P ) of a polytope P is the dimension of
its affine hull, or −1 if it is empty. We will assume that P is of full dimension, i.e.,
by writing P ⊂ Rd, the assumption dim(P ) = d will be implicit.
A face of P ⊂ Rd is a subset σ ⊆ P with the following property:
for all x, y ∈ P and λ ∈ (0, 1) : λx+ (1− λ)y ∈ σ =⇒ x, y ∈ σ.
By F(P ), we denote the set of all faces of P . In particular, we have P,∅ ∈ F(P ).
The set of faces is partially ordered by inclusion. In fact, F carries the structure of
a lattice, and is therefore also called face lattice of P . A face of a polytope is itself
a polytope, hence has a dimension in the above sense. Then Fk(P ), k ∈ {−1, ..., d}
denotes the set of k-dimensional faces of P . The faces of dimension 0 and d− 1 are
called vertices and facets respectively. Two faces are said to be incident, if they
have non-empty intersection.
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Figure 1. Schematic representation of the face lattice F(P ), some de-
rived lattices and some relevant subsets. Here, σ ∈ F(P ) denotes a
δ-dimensional face of P . The upside-down labels indicate that the re-
spective lattices have inverted lattice order. We recommend turning the
page by 180◦ for the best visualization of that concept.
Our results are essentially about the combinatorics of the face lattice of P . There-
fore, it will occasionally be more convenient to think in abstract lattices instead
of concrete face lattices. We will need some specialized notation to address the
relevant parts of F(P ). The remainder of this section is devoted to developing the
necessary terminology.
The elements of an abstract lattice F will still be called faces. By F∆ we denote
the dual lattice, i.e., the lattice defined on the same set but with inverted lattice
order. For a polytope P ⊂ Rd, we have that F∆(P ) is isomorphic to F(P∆),
the face lattice of the dual polytope P∆. Note, that by this convention, the face
σ ∈ F(P ) occurs in F∆(P ) as well, while not being a face of P∆ geometrically.
For a face σ ∈ F , we define the sub-lattice
F(σ) := {τ ∈ F | τ  σ},
which is a subset of F with the same lattice order  as F (for us, the lattice
order will always be ⊆, resp. ⊇ in its dual lattice). For a polytope P ⊂ Rd, a face
σ ∈ F(P ) is a polytope itself, and F(σ) := (F(P ))(σ) turns out to be its face lattice
(not only isomorphic to it). On the other hand, we can define F∆(σ) := (F∆)(σ).
This is not a face lattice (e.g. it does not necessarily contain ∅), but it is isomorphic
to the face lattice of the dual face σ∆ ∈ F(P∆). We will not explain the geometry
of these dual concepts, as for our purpose it suffices to know their “face lattices”.
Consider Figure 1 for a visualization of the relations between these lattices.
The lattices we use, while sometimes abstract, are still always isomorphic to face
lattices, and hence can be used with the usual terminology for polytopes. More
specifically, given such an abstract lattice F , we can talk of its dimension dim(F),
as well as the dimension of its faces σ ∈ F . Therefore, we have a notion of its
vertices and facets, and can partition it into sets Fk ⊆ F , k ∈ {−1, ...,dim(F)} of
faces of dimension k. The dimensionality of faces is “inverted” in the dual lattices,
i.e., Fk = F∆d−k−1.
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We mention the intended interpretations for some face sets. See Figure 1 for
their location in F(P ). Let P ⊂ Rd be a polytope and σ ∈ F(P ) a face. Quite
obvious, F0(P ) denotes the vertices of P , and F0(σ) the vertices of P contained in
σ. On the other hand, we will use F∆0 (P ) to denote the set of facets of P instead
of Fd−1(P ). This notation will highlight the symmetries between P and its dual
in our core results. Finally, F∆(σ) is the set of facets of P that contain σ.1 That
means, in order to denote the set of facets of σ, we need to write Fδ−1(σ) if σ is
δ-dimensional.
The cardinality of a face set will be denoted by a lower-case f , i.e.,
fk( · ) := |Fk( · )| , f∆k ( · ) :=
∣∣F∆k ( · )∣∣ ,
where the dots can be replaced by a polytope, a face or a dual face.
We will use v to denote vertices, σ and τ to denote faces, and F to denote facets.
The polytope will always be denoted by P ⊂ Rd for some d ≥ 1, hence will be of
dimension d.
3. Problem formulation
A map φ : F(P ) ⊇ S → F(P ) shall be called non-incidental, if σ and φ(σ) are
non-incident for all σ ∈ S. Our core question now reads as follows:
Problem 3.1. Given a polytope P ⊂ Rd with at least as many facets as vertices,
does there exist an injective non-incidental map φ : F0(P )→ F∆0 (P )?
In our notation, the assumption about the number of vertices and facets reads
f0(P ) ≤ f∆0 (P ). In fact, this assumption cannot be dropped, as it is already
necessary for the existence of an injective map. The question is, whether this is also
sufficient. By polytope duality, we can obtain an equivalent problem formulation.
Any proof or counterexample can be easily converted from or to this other version.
Problem 3.2. Given a polytope P ⊂ Rd with at least as many vertices as facets,
does there exist an injective non-incidental map φ : F∆0 (P )→ F0(P )?
We aim for studying both versions of the problem simultaneously. In fact, not
distinguishing between the possible directions of the injective map will highlight the
symmetry of our results. We will say that P ⊂ Rd has a vertex-facet assignment, if
one (and then both) of the following holds:
• There is an injective non-incidental map from vertices to facets of P , or an
injective non-incidental map from facets to vertices of P .
• The polytope P or its dual P∆ (or both) has an injective non-incidental
map from vertices to facets.
Since there is always an injective map between two finite sets in at least one direc-
tion, we ask whether this implies that there is also always a vertex-facet assignment.
4. Graph-theoretic formulation
Injective maps without specified direction can be more conveniently described
as matchings in bipartite graphs. We will pursue this formulation in this section.
For a general introduction to matchings, we refer the reader to [2, Chapter 2]. In
1 The term F∆k (σ) is to be interpreted in the following order: start with the face lattice
F := F(P ), then dualize, then take the sub-lattice between σ and P (because the lattice order is
inverted), and finally take the subset of level k (w.r.t. to the inverted lattice order).
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order to avoid confusion with the language of polytopes, we refer to the nodes of a
graph, instead of its vertices.
A bipartite graph G is a pair (V1 ·∪V2, E) with non-empty disjoint sets V1 and V2
called partition classes, such that edges (the elements of E) do not join nodes of the
same partition class. For each node v ∈ V , denote by NG(v) the neighborhood of
v, i.e., the of set nodes in V adjacent to v. Further, define NG(S) :=
⋃
v∈S NG(v).
A matching M in a bipartite graph G = (V1 ·∪ V2, E) is a 1-regular subgraph of G.
The matching M of G is said to cover V1 (resp. V2) if every node v ∈ V1 (resp.
v ∈ V2) is in M .
For our purposes, to any polytope P ⊂ Rd, we can assign a bipartite graph as
follows:
Definition 4.1. The vertex-facet graph G(P ) of P is the bipartite graph G =
(V1 ·∪V2, E) whose partition classes are (disjoint copies of) the vertices V1 = F0(P )
and the facets V2 = F∆0 (P ) of P . A vertex v ∈ F0(P ) and a facet f ∈ Fd−1(P ) are
adjacent in G if and only if they are non-incident in P .
With this terminology in place, the vertex-facet assignments are just matchings
in the vertex-facet graph that cover F0(P ) or F∆0 (P ). Hall’s marriage theorem [2,
Theorem 2.1.2] gives a necessary and sufficient condition for the existence of a
matchings of a bipartite graph G = (V1 ·∪ V2, E) that covers, say, V1.
Theorem 4.2. The bipartite graph G = (V1 ·∪ V2, E) possesses a matching that
covers V1 if and only if |S| ≤ |NG(S)| for all S ⊆ V1.
The condition |S| ≤ |NG(S)| for all S ⊆ V1 in Theorem 4.2 is called Hall condi-
tion. While one direction of the theorem is almost trivial, the other one provides a
tool for constructing such matchings (if they exist).
5. Existence in low dimensions
The existence of vertex-facet assignments are trivial for d ∈ {1, 2}. Trial and
error with polytopes in R3 with few vertices and facet does not yield any counterex-
amples. By applying Hall’s marriage theorem (Theorem 4.2) to the vertex-facet
graph G(P ) (Definition 4.1), we are able to show that there are no counterexam-
ples up to dimension 6. Furthermore, simple/simplicial polytopes have vertex-facet
assignments in every dimension.
In this section, we will initially only consider the case f0(P ) ≥ f∆0 (P ), and sub-
sequently extend to the general case. This means, for now we try to find injective
non-incidental maps φ : F∆0 (P ) → F0(P ). This choice is motivated by a nice geo-
metric interpretation of the non-neighborhood F0(P )\NG(P )(S) of a set S ⊆ F∆0 (P )
of facets in the vertex-facet graph G(P ).
Proposition 5.1. The non-neighborhood of a set {F1, ..., Fk} ⊆ F∆0 (P ) of facets
consists of the vertices of the face F1 ∩ · · · ∩ Fk, i.e.,
(1) F0(P ) \NG(P )(F1, ..., Fk) = F0(F1 ∩ · · · ∩ Fk).
Proof. A vertex lies in the non-neighborhood of {F1, ..., Fk} if and only if it is not
adjacent (as a node in G(P )) to any of the Fi. Since adjacency in G(P ) means
non-incidence in P , these are exactly the vertices incident to all the Fi, that is,
contained in the face F1 ∩ · · · ∩Fk. The vertices of P that are contained in the face
F1 ∩ · · · ∩ Fk are exactly the vertices of this face. 
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Above characterization together with Hall’s Theorem (Theorem 4.2) immediately
yields the following:
Corollary 5.2. A polytope P ⊂ Rd with f0(P ) ≥ f∆0 (P ) has a vertex-facet assign-
ment if and only if for all sets {F1, ..., Fk} ⊆ F∆0 (P ) of facets, we have
(2) f0(F1 ∩ · · · ∩ Fk) ≤ f0(P )− k.
Symmetrizing Corollary 5.2 yields our first main result. From here on, we can
drop the assumption f0(P ) ≥ f∆0 (P ) and return to the general case.
Theorem 5.3. A polytope P ⊆ Rd has a vertex-facet assignment if and only if for
all faces σ ∈ F(P ) holds
(3) f0(σ) + f∆0 (σ) ≤ max{f0(P ), f∆0 (P )}.
Proof. The statement of the theorem is invariant under duality, i.e., it is true for P
if and only if it is true for P∆. We therefore assume f0(P ) ≥ f∆0 (P ), as otherwise
we could switch to P∆. Under this assumption, (3) simply becomes
(4) f0(σ) + f∆0 (σ) ≤ f0(P ).
At first, assume (4) holds for all σ ∈ F(P ). Choose some F1, ..., Fk ∈ Fd−1(P ).
The face σ := F1 ∩ · · · ∩ Fk is contained in at least k facets, hence f∆0 (σ) ≥ k. We
conclude
f0(F1 ∩ · · · ∩ Fk) = f0(σ)
(4)≤ f0(P )− f∆0 (σ) ≤ f0(P )− k.
Since this holds for all F1, ..., Fk ∈ Fd−1(P ), Corollary 5.2 yields the existence of a
vertex-facet assignment.
Now conversely, assume there is a vertex-facet assignment. Let σ ∈ F(P ) be
a face of P . Consider the set F∆0 (σ) =: {F1, ..., Fk} of facets that contain σ. We
have σ = F1 ∩ · · · ∩Fk and f∆0 (σ) = k. Since P has a vertex-facet assignment, and
because of (2) in Corollary 5.2, it holds
f0(σ) + f
∆
0 (σ) = f0(F1 ∩ · · · ∩ Fk) + k
(2)≤ f0(P ).
This proves (4) and we are done. 
We conclude a second sufficient condition, which is more convenient to apply to
a large class of polytopes.
Theorem 5.4. Let P ⊂ Rd be a polytope, so that for every face σ ∈ F(P ) (of
dimension, say, δ) at least one of the following holds:
(i) σ has at least as many facets as vertices, i.e., f0(σ) ≤ fδ−1(σ).
(ii) σ∆ has at least as many facets as vertices, i.e., f∆0 (σ) ≤ f∆δ−1(σ).
Then P has a vertex-facet assignment.
Proof. We show, that a face σ ∈ F(P ) satisfying (i) or (ii), also satisfies (3). By
Theorem 5.3 we then obtain the existence of a vertex-facet assignment.
(i) We derive a lower bound on the number of facets of P . There are f∆0 (σ)
facets of P that contain σ. There are further fδ−1(σ) facets of P that
do not contain σ: each facet of σ can be written as the intersection of
σ with a distinct facet of P that does not contain σ. So P has at least
fδ−1(σ) + f∆0 (σ) facets. Using the latter, we obtain (3):
f0(σ) + f
∆
0 (σ)
(i)
≤ fδ−1(σ) + f∆0 (σ) ≤ f∆0 (P ) ≤ max{f0(P ), f∆0 (P )}.
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(ii) We derive a lower bound on the number of vertices of P . There are f0(σ)
vertices of P that are contained in σ. There are further f∆δ−1(σ) vertices
of P that are not contained in σ: if σ is δ-dimensional, every τ ∈ F∆δ−1(σ)
is a (δ + 1)-face of P that contains σ as well as a vertex not in σ. The
intersection of two such faces must be σ, hence the additional vertices must
be distinct. So P has at least f0(σ) + f∆δ−1(σ) vertices. Using the latter,
we obtain (3):
f0(σ) + f
∆
0 (σ)
(ii)
≤ f0(σ) + f∆δ−1(σ) ≤ f0(P ) ≤ max{f0(P ), f∆0 (P )}.

An immediate consequence of Theorem 5.4 is the existence of vertex-facet as-
signments for polytopes up to dimension 6.
Corollary 5.5. Every polytope P ⊂ Rd of dimension d ≤ 6 possesses a vertex-facet
assignment.
Proof. If P is of dimension d ≤ 6, then for every face σ ∈ F(P ) we have
max{dim(σ),dim(σ∆)} ≤ 2.
Polytopes of dimension ≤ 2 have the same number of vertices and facets. Theo-
rem 5.4 then proves the existence. 
Therefore, the counterexamples can only occur in dimension 7 or higher. Each
7-dimensional counterexample must have a 3-face σ ∈ F(P ) satisfying f0(σ) +
f∆0 (σ) > max{f0(P ), f∆0 (P )}. We are going to construct such in the next section.
Another consequence is the existence of vertex-facet assignments for polytopes
with only self-dual facets, e.g. simplicial polytopes:
Corollary 5.6. Simple/simplicial polytopes have vertex-facet assignments.
6. Counterexamples in high dimensions
In this section, we construct polytopes without vertex-facet assignments for any
dimension d ≥ 7. These “counterexamples” are based on the free join construction.
Construction 6.1. Given polytopes Pi ⊂ Rdi , i ∈ {1, 2}, their free join P1 ./ P2 is
defined as the convex hull of P1 and P2 when embedded into skew affine subspaces
of Rd1+d2+1. The faces of the free join can be given in terms of the faces of P1 and
P2. For a face σ ∈ F(P1), denote by σ¯ the corresponding face of P1 ./ P2 in the
embedding of P1 in the construction of the free join (equivalently for σ ∈ F(P2)).
For two faces σi ∈ F(Pi), i ∈ {1, 2} denote by σ1 ./ σ2 the convex hull of σ¯1 ∪ σ¯2.
Each face of P1 ./ P2 is either of the form σ¯ for a face σ ∈ F(P1)∪F(P2), or of the
form σ1 ./ σ2 for faces σi ∈ Pi, i ∈ {1, 2}. The number of vertices and facets of the
free join can be explicitly given:
f0(P1 ./ P2) = f0(P1) + f0(P2), f
∆
0 (P1 ./ P2) = f
∆
0 (P1) + f
∆
0 (P2).
This is quite obvious for the vertices. The facets of P1 ./ P2 are P1 ./ F, F ∈
F∆0 (P2) and F ./ P2, F ∈ F∆0 (P1). For details regarding the free join and its
properties, consider [6, Corollary 2].
VERTEX-FACET ASSIGNMENTS FOR POLYTOPES 7
Theorem 6.2. Let Pi ⊂ Rdi , i ∈ {1, 2} be polytopes with
f0(P1) > f
∆
0 (P1) and f0(P2) < f
∆
0 (P2).
Then P1 ./ P2 does not have a vertex-facet assignment.
Proof. Let P := P1 ./ P2. The face P¯1 ∈ F(P ) has f0(P1) vertices and is contained
in f∆0 (P2) facets, namely P1 ./ F, F ∈ F∆0 (P2). It follows
f0(P¯1) + f
∆
0 (P¯1) = f0(P1) + f
∆
0 (P2)
> max{f0(P1) + f0(P2), f∆0 (P1) + f∆0 (P2)}
= max{f0(P ), f∆0 (P )}.
Thus, P¯1 violates (3), and by Theorem 5.3 no vertex-facet assignments exist. 
The conditions f0(P1) > f∆0 (P1) and f0(P2) < f∆0 (P2) cannot be satisfied for
polytopes in dimension ≤ 2. For this reason, the construction only yields coun-
terexamples in dimensions ≥ 3 + 3 + 1 = 7.
Example 6.3. We list some explicit counterexamples for d ≥ 7.
(i) Counterexamples exist in all dimensions d ≥ 7. Choose d1, d2 ≥ 3 with
d1 + d2 + 1 = d and polytopes Pi ⊂ Rdi , i ∈ {1, 2}, so that P1 has more
vertices than facets (e.g. the d1-cube), and P2 has more facets than vertices
(e.g. the d2-dimensional cross-polytope). Then P1 ./ P2 has no vertex-facet
assignment by Theorem 6.2.
(ii) There are self-dual polytopes without vertex-facet assignments in dimension
d = 2j + 1, j ≥ 3. Let P1 ⊂ Rj be a polytope with more vertices than facets
(e.g. the j-cube) and P2 := P∆1 its dual. The free join P1 ./ P2 then is a
self-dual d-dimensional polytope (see [6, Corollary 2]) without vertex-facet
assignment (by Theorem 6.2).
7. Open problems and related questions
Several related questions might be asked, for example, about the nature of further
counterexamples. Are there other counterexamples for d = 7 except for free joins?
We suspect that such can be constructed by taking the convex hull of a free join and
a point. In general, what other ways are there to characterize polytopes without
vertex-facet assignments?
Günter Ziegler brought up the following naturally related problem (personal
communication):
Problem 7.1. Given a polytope P ⊂ Rd with f0(P ) ≤ f∆0 (P ). Does there exist an
injective map from vertices to incident facets?
The answer to this seems comparatively easy and was already suggested by
Ziegler himself: No. Even more, a polytope can have arbitrarily many more facets
than vertices while still not having such an assignment. The following construction
is based on an idea of Ziegler and uses the connected sum operation (see [7, Exam-
ple 8.41]).
Example 7.2. Take the 3-cube Q ⊂ R3 and let v be one of its vertices. The other
seven vertices are incident to a total number of only six facets, hence an injective
map from vertices to incident facets cannot exist. One could argue, that this is due
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Figure 2. Construction of a counterexample to the statement in Problem 7.1.
to f0(Q) > f∆0 (Q). However, one can modify Q around v without invalidating the
current reasoning (see Figure 2). Cut off the vertex v, and obtain a new triangular
facet that is not incident to any of the other seven vertices. Choose a simplicial
3-polytope P ⊂ R3 with sufficiently many more facets than vertices and “glue it”
(in the sense of the connected sum) to that triangular face. The new polytope
Q′ := P#Q satisfies f0(Q′)  f∆0 (Q′) while not having an injective map from
vertices to incident facets.
Finally, one might ask about injective non-incidental maps between faces of other
dimensions, e.g. between vertices and δ-faces, or between δ-faces and (d−1−δ)-faces.
It seems straight forward to formulate and prove a modified version of Proposi-
tion 5.1 about the geometric interpretation of non-neighborhoods. We suspect that
this can be developed to an equivalent extent as vertex-facet assignments.
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